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"Arp"ad Elbert died in Budapest on April 25, 2001 after a recurrence of the illness which had
plagued him for nearly a year.
"Arp"ad was born in Kaposv"ar in southwestern Hungary on December 24, 1939 and graduated in
Mathematics from the E7otv7os Lor"and University, Budapest, in 1963, being awarded the Medal for
Higher Education. The rest of his career was associated with the Mathematical Institute (founded in
1949 and later named, after its ;rst Director, the Alfr"ed R"enyi Institute) of the Hungarian Academy
of Sciences. He received the Academy’s degrees of Candidate (1971) and Doctor of Mathematical
Sciences (1989). He had already been awarded the Gru˝nwald Prize for young mathematicians who
have already done remarkable work before graduation from the Academy. His most recent position
was that of Scienti;c Advisor, the highest scienti;c position in the Institute.
"Arp"ad was the author or co-author of over 100 articles, including some with a total of about
20 coauthors, mostly in the areas of ordinary diBerential equations and special functions but in-
cluding also contributions to delay diBerential equations, Fourier analysis, approximation theory and
inequalities.
A notable item, pointed out to us by Professor G. Hal"asz, was his work [5] on the TchebycheB
problem of polynomials having high-order zeros at the endpoints of the interval. It solved an impor-
tant problem of Tur"an’s power sum theory but Elbert was not aware of it. A solution was published
by Kolesnik and Straus [24] who, apparently, did not know about Elbert’s work.
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1. Bessel and related functions: some of my work with Arpad Elbert (Andrea Laforgia)
I ;rst met "Arp"ad in April 1981. I was trying to prove two conjectures on the zeros of Bessel
functions, formulated by Lewis and Muldoon [27]:
(a) the zeros j, = 1; 2; : : : of the Bessel function J(x) of the ;rst kind are concave functions of
; ¿ 0;
(b) the square of the zero j2 is a convex function of ; ¿ 0.
At that time, I started a collaboration with Martin Muldoon and it was Martin who informed me
that "Arp"ad had already proved conjecture (a). Thus, I visited "Arp"ad in the Mathematical Institute of
the Hungarian Academy of Sciences. On that occasion, we proved conjecture (b) on the convexity
of j2, starting, with the paper [9], a collaboration of 20 years which produced more than 40 papers.
In our ;rst paper, we introduced a new notation for the zeros c of the cylinder function
C(x) = J(x)cos − Y(x)sin ; 06 ¡:
The idea was to replace the discrete variable  by a continuous variable k so that
jk = c; k =  −  ; 06 ¡:
Clearly, we get
j = j
for the Bessel function J(x), i.e., when = 0,
y = j;−1=2
for the Bessel function Y(x) of the second kind, i.e., when = =2,
c = jk
in the general case, 06 ¡.
The de;nition of jk can be extended to negative values of  by continuity considerations. The use
of this notation for the zeros of cylinder function simpli;es the study of their concavity (convexity)
properties.
Most of my papers with "Arp"ad are concerned with monotonicity, concavity, convexity properties
of jk and the results are based on the use of the Watson formula [30, p. 508]:
d
d
jk = 2jk
∫ ∞
0
K0(2jk sinh t)e−2t dt: (1)
In this fruitful collaboration with "Arp"ad, I had several opportunities to observe his extraordinary
talent in analytic calculations, the capacity of understanding the correct approach for the solution of
a problem.
Also in collaboration with "Arp"ad, I wrote more than 10 papers on the zeros of Jacobi, Gegenbauer
and Laguerre polynomials. In particular, in the paper [10] we proved the asymptotic
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formula
x()n; = hn;
−1=2 − hn;
8
(2n− 1 + 2h2n;)−3=2
+hn;
(
12n2 − 12n+ 1
128
+
5n− 2
24
h2n; +
5
96
h4n;
)
−5=2 + O(−7=2); →∞;
where x()n; and hn; denote the th zeros of the ultraspherical polynomial P
()
n (x), and the Hermite
polynomial Hn(x), respectively.
Finally, I would like to mention the last two papers I have written jointly with "Arp"ad. In [12] we
proved that the function
log(x + 1)
x log x
; x¿ 0
is concave. This property was conjectured by Anderson and Qiu.
In the paper [11], we proved the inequality∫ x
0
et
p
dt
∫ ∞
x
e−t
p
dt ¡
1
4
for p¿ 1:87705 : : : and x¿ 0.
As special cases we obtained inequalities for the incomplete gamma function.
I do not wish to continue drawing attention to my results with "Arp"ad, because I am directly
involved in them. I can only add that I lost a good friend and an excellent, honest and generous
collaborator. Certainly, I will continue to work in special functions, but I already know that the
scienti;c level of my future papers will be lower than before.
2. Bessel functions and Hermite functions: some memories of Arpad Elbert (Martin Muldoon)
I cannot remember now when I ;rst met "Arp"ad; possibly it was at EquadiB 4 in Prague in 1977.
Certainly, I was aware of his work, some of which had to do with special functions, though this was
not always explicit. For example, in [4], published in 1969, he deals with solutions to the diBerential
equation y′′+ q(x)y=0 on (0;∞), where q is nonnegative and q ( ;xed and ¿ 0). The sequence
of maxima y(xn)2 is decreasing. Here, he deals with a speci;c maximum and its dependence on the
function q. He shows that
()n = minq¿0;q concave
y2(xn)
exists and is attained for q = Cx1=. Now, this last equation refers to the generalized Airy equation
which is just a transformation of the Bessel equation, though this is not referred to. The paper might
well be called “An extremal property of Bessel functions”.
"Arp"ad wrote another paper [6], based on an unsolved 1974 American Mathematical Monthly
problem by Leighton, in which Bessel functions make an explicit appearance.
The ;rst of "Arp"ad’s papers which I read closely was his 1977 (published 1980) paper [7] in
which he shows that the real zeros of Bessel functions are concave functions of the order  on their
entire interval of de;nition. He refers there to an article of mine with Lewis [27] where this had
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been partially conjectured, but indeed it must have been conjectured often, based on the diagram on
page 510 in G. N. Watson’s 1922 Treatise [30]. "Arp"ad gave an ingenious proof using only classical
tools and making especially fruitful use of formula (1) on the derivative of a zero with respect to .
The formula was well known but little used previously. Later, "Arp"ad (mostly with Andrea Laforgia
and occasionally with others) was able to make much further use of this and related formulas in the
study of inequalities, monotonicity properties and convexity properties of zeros of Bessel and related
functions. Andrea Laforgia has written more about "Arp"ad’s work in this area. Whenever I am asked
a question in this or a related area my ;rst reaction is to look at the many articles of Elbert and
Laforgia written over the past 20 years. "Arp"ad gave an excellent summary of some of this work in
an article [8] based on his talk at OSPSF, Patras, 1999.
I had the pleasure of working with "Arp"ad on some related results concerning the zeros of the Her-
mite function, a suitably normalized principal solution (at x = ∞) of the diBerential
equation
y′′ − 2xy′ + 2y = 0:
Let h() be the largest zero of H(x). In [13], "Arp"ad and I proved that h() is de;ned for ¿ 0
and found a formula for its derivative:
dh()
d
=
√

2
∫ ∞
0
(h()
√
tanh t)e−(2+1)t
dt√
sinh t cosh t
; (2)
where
(x) =
2√

∫ ∞
0
e−t
2−2xt dt = ex
2
erfc(x):
This can be seen as an analogue of the Watson formula (1) and it was motivated by a formula of
Durand [3]:
2−
√

(+ 1)
e−t
2
[H 2 (t) + G
2
(t)] =
2√

∫ ∞
0
e−(2+1) +t
2 tanh  d √
sinh  cosh  
: (3)
We used (2) to show that h′() is a completely monotonic function of  on (0;∞) and went
on to prove an inequality of Hayman and Ortiz which had been proved party analytically, partly
numerically, in [17].
Working on this paper with "Arp"ad brought out many of his distinctive qualities. He was a virtuoso
in tough analytic calculations (tools like reversion of series came to him naturally) with an unerring
sense of when an inequality was sharp and when an approximation might be replaced by an inequal-
ity. In joint work, he alternated this role with that of devil’s advocate concerning the conjectures
of others. This gave a particular added value to a collaboration with him. He was also particularly
prompt in examining and responding to drafts. Several times I had the experience of sending him
something by e-mail at 10 or 11 at night and taking advantage of the 6 h time diBerence, would
receive a detailed response on waking up. Unfortunately, I was never able to react so quickly and
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still have drafts of projected joint papers with him to work on. One of these relates to an asymptotic
expansion for h().
3. Bessel functions and ultraspherical polynomials: some memories of Arpad Elbert
(Panos Siafarikas)
I met "Arp"ad for the ;rst time in May 1987, when I visited him in the Mathematical Institute
of the Hungarian Academy of Sciences under a scienti;c exchange program between Greece and
Hungary. I visited him because I knew his important results on the zeros of Bessel functions and at
that time I also worked on this subject using a diBerent approach. Thus, I started to work with him
on the zeros of C(x)+xC ′(x), where C(x)=cos J(x)−sin Y(x) is the general cylinder function
and 06 ¡. The result of this cooperation was a paper [14] concerning convexity and concavity
of the kth positive zero ck(a; ; ) of the function C(x) + xC ′(x), with respect to the variable 
for ¿ 0. In particular, we establish lower and upper bounds for c1(a; ; 0). As a consequence, we
obtain lower and upper bounds for c1(0; ; 0) ≡ j′;1, the ;rst positive zero of J ′(x), which were
sharper than those previously known.
After my ;rst visit to Hungary, we met again in Canada at York University, where we were both
invited by Martin Muldoon and later in Italy at UniversitUa Roma Tre, invited by Andrea Laforgia.
We became good friends and visited each others countries many times. As a result, we published
two papers concerning the zeros of Bessel functions [15] and the zeros of ultraspherical polynomials
[16]. The last time I saw "Arp"ad was at my home on September 24, 1999, the last day of the “Fifth
International Symposium on Orthogonal Polynomials, Special Functions and their Applications”, held
in Patras, Greece. I will always remember my friend "Arp"ad for his mathematical insight and talent.
In the following, we present the main results of [15,16].
It is well known that the Bessel function J(z) of ;rst kind has the representation
J(z) =
∞∑
n=0
(−1)n
n!
(z=2)2n+
(n+ + 1)
;
and, for ¿ − 1, has in;nitely many positive zeros j;k , k = 1; 2; : : : ; 0¡j;1¡j;2¡ · · · ; tending
to in;nity as →∞. The ;rst zero j;1 can be continued analytically to =−1, where it vanishes.
Continuing j;1 analytically to the interval (−2;−1) we ;nd, according to a theorem of Hurwitz [18]
that j;1 becomes purely imaginary. At the point  = −2 the function j;1 vanishes again. Dealing
with purely imaginary zeros, it is advantageous to consider the squares j2;1 of the zeros.
In [22,23] one can ;nd the graph of the function j2;1 in the interval (−2; 0), suggesting that j2;1
is a convex function of  in that interval.
(1) This property was proved for 36 ¡+∞ by Lewis and Muldoon [27].
(2) For j2; k , k = 1; 2; : : : ; ¿ 0, the same property was proved by Elbert and Laforgia [9]. Also,
they indicated that the function j2; k cannot be convex on the whole interval (−k;∞) for k =2; 3; :::,
and conjectured that the function j2;1 is convex for −1¡¡ 0.
(3) In [22], it was conjectured that the function j2;1 is convex for −2¡¡ 0.
(4) In [23], it was proved that j2;1 decreases to a minimum and then increases again to 0 as 
increases from −2 to −1.
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Our contribution in this direction was the following results published in [15]:
Theorem 1. The function j2;1 is convex for −2¡6 0.
Theorem 2. The function j2;1=4(+ 1) increases for −2¡6 1.
We also conjectured in [15] that j2;1=4(+ 1) is a concave function for ¿− 2.
Theorem 3. The function j2;1=4(+1)
√
+ 2 decreases from
√
2 to 1 for −2¡¡−1 and increases
for ¿− 1.
Theorems 2 and 3 were conjectured in [22].
For the kth positive zeros x()n;k , k = 1; 2; : : : ; [n=2], of the ultraspherical polynomial P
()
n (x), n =
0; 1; 2; : : : ; ¿− 1=2, the following are known:
(1) For any ;xed n¿ 2 and k, 16 k6 [n=2], the positive zeros x()n;k decrease as  increases
[28,29, p. 121].
(2) The function x()n;k increases as  increases at least for 06 ¡ 1 [25]. Also Laforgia [26]
conjectured that this holds for ¿ 0.
(3) The function [+ 2n
2+1
4n+2 ]
1=2x()n;k increases as  increases for − 12 ¡6 32 , [1].
(4) In [21], Ismail and Letessier reformulated a conjecture in the following form:
The function
√
x()n;k increases as  increases for ¿ 0.
(5) Later, in [20], the above conjecture was reformulated as Ismail–Letessier–Askey conjecture
(ILAC):
ILA conjecture. Let n¿ 2 and 16 k6 [n=2], then the function ( + 1)1=2x()n;k increases as 
increases for ¿− 12 .
This conjecture was supported by the following known facts:
(i) When n= 2, x()2;1 = 1=
√
2(+ 1), and n= 3, x()3;1 =
√
3
2 (+ 2), from which the ILAC follows.
(ii) The result of Ahmed–Muldoon–Spigler [1] implies the ILAC for − 12 ¡6 32 and n¿ 3.
(iii) In [19] the ILAC was proved for the largest positive zero x()n; [n=2] using a functional analytic
technique.
(iv) In [2] the ILAC was proved for all positive zeros x()n;k for ∈ (− 12 ; 92 ] and also for ∈ (− 12 ; 32+)
and n¿ 1 + (2 + 3 + 32)
1=2 where ∈N . Moreover in this same paper, this conjecture was
proved for the largest zero x()n; [n=2].
Our contribution in this direction was the following results published in [16]:
Theorem 4. Let n¿ 3 and 16 k6 [n=2]. Then the function [ + 2n
2+1
4n+2 ]
1=2x()n;k increases as 
increases for ¿− 1=2.
Due to the fact that ( + a)=( + b) increases as  increases provided a¡b and  + b¿ 0, our
Theorem implies the ILAC because (2n2 + 1)=(4n+ 2)¿ 1 for n¿ 3.
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Corollary 1. For the positive zeros x()n;k of the ultraspherical polynomial P
()
n (x), the inequality[
+
2n2 + 1
4n+ 2
]1=2
x()n;k ¡hn;k ; ¿− 12 ; k = 1; 2; : : : ; [ n2 ]
holds, where hn;k denotes the corresponding zero of the Hermite polynomials Hn(x).
Another corollary could be formulated by using Theorem 4, if we compare a positive zero x()n;k
with x(0)n;k , where 0 is chosen suitably. For example, for 0 = 0: C
(0)
n (x) = (2=n)Tn(x), hence
the zeros are cos (2m − 1)=2n, for 0 = 1: C(1)n (x) = constant Un(x) with zeros cos(m=n + 1).
Then (
+
2n2 + 1
4n+ 2
)1=2
x()n;k 7
(
0 +
2n2 + 1
4n+ 2
)1=2
x(0)n;k
if 7 0:
4. Concluding remarks
As well as his work in special functions "Arp"ad continued to work in the ;eld of diBerential
equations including delay diBerential equations. A notable collaboration was that with Professor T.
Kusano (Fukuoka University) on half-linear and other diBerential equations.
We are pleased to have this opportunity to remember him for his unfailing kindness and courtesy
and as a valued and generous collaborator.
We are indebted to G"abor Hal"asz for his kindness and promptness in collecting some biographical
information.
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